A family of A (2) 2n integrable open spin chains with U q (C n ) symmetry was recently identified in arXiv:1702.01482. We identify here in a similar way a family of A integrable open spin chains with U q (B n ) symmetry. We discuss the consequences of these symmetries for the degeneracies and multiplicities of the spectrum. We propose Bethe ansatz solutions for two of these models, whose completeness we check numerically for small values of n and chain length N . We find formulas for the Dynkin labels in terms of the numbers of Bethe roots of each type, which are useful for determining the corresponding degeneracies. In an appendix, we briefly consider D (2) n+1 chains with other integrable boundary conditions, which do not have quantum group symmetry.
integrable open spin chains with U q (D n ) symmetry, and two families of D (2) n+1 integrable open spin chains with U q (B n ) symmetry. We discuss the consequences of these symmetries for the degeneracies and multiplicities of the spectrum. We propose Bethe ansatz solutions for two of these models, whose completeness we check numerically for small values of n and chain length N . We find formulas for the Dynkin labels in terms of the numbers of Bethe roots of each type, which are useful for determining the corresponding degeneracies. In an appendix, we briefly consider D (2) n+1 chains with other integrable boundary conditions, which do not have quantum group symmetry.
Introduction
Quantum spin chains are quantum many-body systems that have applications in diverse fields, ranging from statistical mechanics [1, 2] , condensed-matter theory [3, 4] and quantum information theory [5] to quantum field theory and string theory [6] . The simplest anisotropic spin chains are arguably those that are integrable and have quantum group [7] symmetry. Indeed, integrability allows access to the spectrum, and quantum group symmetry can account for the degeneracies and multiplicities. The prototypical example is the U q (A 1 )-invariant open spin-1/2 chain [8] , whose integrability follows from [9, 10] .
Generalizations of this example can be constructed systematically. Integrable bulk interactions are encoded in solutions of the Yang-Baxter equation, which in this context are called R-matrices. Infinite families of anisotropic R-matrices associated with corresponding affine Lie algebras were found in [11, 12, 13, 14] . Similarly, integrable boundary conditions are encoded in solutions of the boundary Yang-Baxter equation (BYBE) [10, 15, 16] , which in this context are called K ∓ -matrices. Quantum group symmetry can be realized by choosing these K ∓ -matrices appropriately.
Several infinite families of integrable open spin chains that are quantum group invariant were identified in [17] . Bethe ansatz solutions of these models were found in [18, 19, 20, 21, 22] . The integrable quantum-group-invariant spin chains identified in [17] are all constructed using the R-matrices in [13, 14] together with the simplest K − -matrix, namely, the identity matrix. For example, the integrable spin chain constructed with the A (2) 2n R-matrix and K − = I has U q (B n ) symmetry. The appearance of B n can be understood from the fact (see e.g. [23] ) that it is the subalgebra of A 2n that remains invariant under the order-2 diagram automorphism.
It was recently observed that the integrable spin chain constructed with the A (2) 2n R-matrix and with a different choice of K − [17, 24, 25] has instead U q (C n ) symmetry [26] . (The case n = 1, corresponding to the Izergin-Korepin R-matrix [27] , was analyzed in [28] .) The appearance of C n can be inferred from the extended Dynkin diagram for A (2) 2n shown in Fig.  1 : removing the leftmost node yields the Dynkin diagram for the subalgebra C n shown in Fig 2. (Removing the rightmost node yields the Dynkin diagram for the subalgebra B n ; and indeed the spin chain with K − = I has U q (B n ) symmetry, as already noted above.)
This observation in [26] opens the door to (at least) doubling the list of integrable quantum-group-invariant spin chains identified in [17] : starting with an R-matrix corresponding to a given affine Lie algebra, it should be possible to construct a different inte-· · · We carry out here the above program for the R-matrices corresponding to the two remaining infinite families of twisted affine Lie algebras, namely A (2) 2n−1 and D (2) n+1 . For A (2) 2n−1 with n > 1, we expect to find a new integrable spin chain with U q (D n ) symmetry, since removing the rightmost node of the extended Dynkin diagram (see again Fig. 1 ) yields the Dynkin diagram for the subalgebra D n . (Removing one of the two leftmost nodes yields the Dynkin diagram for the subalgebra C n , and indeed the spin chain with K − = I has U q (C n ) symmetry [17] .)
Integrable quantum-group-invariant spin chains with the D (2) n+1 R-matrix were not constructed in [17] , since the corresponding BYBE does not have the solution K − = I. However, several solutions of this BYBE were found in [29] . We show here that two of these solutions can be used to construct integrable spin chains with U q (B n ) symmetry, as expected from the extended Dynkin diagram for D (2) n+1 (see again Fig. 1 ), since removing either the leftmost or rightmost node yields the Dynkin diagram for the subalgebra B n .
The outline of this paper is as follows. In Sec. 2 we recall basic properties of the A (2) 2n−1 and D (2) n+1 R-matrices, whose explicit expressions are given in Appendix A. In Sec. 3 we introduce a pair of K-matrices for each R-matrix, which in a subsequent section will be shown to lead to quantum group symmetry. We briefly review in Sec. 4 how the Rmatrices and K-matrices can be used to construct the transfer matrix, and consequently the Hamiltonian, of an integrable open spin chain. We then use an identity (4.8) to show thatfor each of our four choices of K-matrices -the corresponding Hamiltonians can be expressed essentially as sums of two-body terms, see (4.9), (4.16), (4.23) and (4.27) . We use this fact in Sec. 5 to show that each of these four Hamiltonians has quantum group symmetry. We also discuss the consequences of these symmetries for the degeneracies and multiplicities of the spectrum. In Secs. 6 and 7 we present Bethe ansatz solutions for all but one of these models, and numerically check their completeness. 1 We also find formulas for the Dynkin labels in terms of the numbers of Bethe roots of each type, which are useful for determining the corresponding degeneracies. In Sec. 8 we briefly summarize our main results and note some remaining open problems. In Appendix B, we briefly consider D (2) n+1 chains with other integrable boundary conditions, which do not have quantum group symmetry.
R-matrices: generalities
The R-matrices for A (2) 2n−1 and D (2) n+1 are given explicitly in Appendix A. These R-matrices map V ⊗ V to itself, where V is a d-dimensional vector space, where
and satisfy the Yang-Baxter equation (YBE) on V ⊗ V ⊗ V
As usual, R 12 = R ⊗ I , R 23 = I ⊗ R , R 13 = P 23 R 12 P 23 , where I is the identity matrix on V, and P is the permutation matrix on V ⊗ V
and e αβ are the d × d elementary matrices with elements (e αβ ) ij = δ α,i δ β,j . In addition, these R-matrices have the following properties: P T symmetry 5) where ζ(u) is given by
and crossing symmetry 8) where the crossing parameter ρ is given by
The crossing matrix V is given by
where 12) and satisfies V 2 = I. The corresponding matrix M is defined by 13) and is given by a diagonal matrix
whereᾱ is defined by (A.5) for A
2n−1 and by (A.15) for D
n+1 .
K-matrices
The matrix K − (u), which maps V to itself, is a solution of the so-called reflection equation or boundary Yang-Baxter equation (BYBE) on V ⊗ V [10, 15, 16] 
We assume that it has the regularity property
For the corresponding K + -matrix, we shall always take
where M is defined by (2.13). For any solution K − (u) of the BYBE (3.1), the "isomorphism" (3.3) gives a solution of the corresponding BYBE for K + (u) [10, 30] 
For the BYBE (3.1) with Kuniba's A
2n−1 R-matrix (A.1)-(A.7), only two solutions have (to our knowledge) been reported [20, 24] , both of which are diagonal. 2 We have searched for additional diagonal solutions with n ≥ 2, and we have found only one more:
where β is an arbitrary parameter. This solution reduces to the identity matrix I 2n×2n in the limit β → ∞. We have not looked for non-diagonal solutions, which would require significantly more effort.
For A
2n−1 , we shall henceforth consider the following two 2n × 2n diagonal K − -matrices, to which we refer by I and II:
2n−1 − II :
These two solutions of the A
2n−1 BYBE (3.1) were found in [17, 20] and [24], respectively. Both solutions evidently satisfy the regularity property (3.2) with
Several solutions of the BYBE (3.1) with the D
n+1 R-matrix (A.9) are known [29, 32] . A diagonal solution is given by the following (2n + 2) × (2n + 2) matrix [29] 
where
We consider this solution briefly in Appendix B.1.
Two block-diagonal solutions of the D
n+1 BYBE are also known 3 : one of these solutions 2 In contrast, for the BYBE with Jimbo's A
2n−1 R-matrix [13] , more solutions are known [31, 32] . 3 See Eqs. (57)-(60) and (61)-(64) in [29] . The notations in [29] are related to ours by λ = u, q = e 2η , and n [29] = n + 1. Moreover, in the second K-matrix, we make the replacement ξ − → ξ − . It was conjectured in [29] that these K-matrices with ξ − = 0 lead to quantum group symmetry.
is given by the (2n + 2) × (2n + 2) matrix
where 12) and ξ − is an arbitrary boundary parameter. We consider this solution briefly in Appendix B.2. Another block-diagonal solution has the same matrix structure (3.11), but the matrix elements are instead given by 13) where ξ − is again an arbitrary boundary parameter.
For ξ − = 0, these block-diagonal solutions have the matrix structure 14) and the matrix elements are given by 16) corresponding to (3.12) and (3.13), respectively. We shall henceforth focus primarily on the two solutions (3.15) and (3.16) , to which we refer by I and II, respectively. These solutions satisfy the regularity property (3.2), with
We observe that the A
2n−1 K − -matrices (3.6)-(3.7) and the D
n+1 K − -matrices (3.14) are symmetric
Transfer matrix and Hamiltonian
The transfer matrix t(u) for an integrable open quantum spin chain with N sites, which acts on the quantum space V ⊗N , is given by [10] 
where the monodromy matrices are defined by
and the trace in (4.1) is over the auxiliary space, which we denote by a. By construction, the transfer matrix satisfies the fundamental commutativity property [10] [t(u) , t(v)] = 0 for all u , v .
3)
The transfer matrix also has crossing symmetry [18] 
The corresponding integrable open-chain Hamiltonian is given (up to multiplicative and additive constants) by t (0), which is local as a consequence of the regularity properties (2.7) and (3.2). After some computation, one finds (up to terms proportional to the identity) [10] 
where the two-site Hamiltonian h k,k+1 is given by
We now proceed as in [26] to simplify the expression (4.5), which will be needed in the subsequent section for proving the quantum group invariance of the Hamiltonian. Such a simplification is possible due to the identity [26]
where f (u) is a scalar function. In view of the isomorphism (3.3) and the fact that the K − -matrices are symmetric (3.18) , this identity can be rewritten as
In order to go further, we must now consider the various cases separately.
A
2n−1 -case I
For the case A
2n−1 − I (3.6), it follows from (4.8) as in [26] that the third term in (4.5) is proportional to the identity, while the second term evidently vanishes. The Hamiltonian therefore reduces to a sum of two-site Hamiltonians [17] 
It is related to the transfer matrix (4.1) by
with
2n−1 -case II For the case A
2n−1 − II (3.7), we note as in [26] that (4.8) implies 12) where the ellipses represent terms that are proportional to the identity, which we drop. We further note that
It follows from (4.12) and (4.13) that
Let us define a new two-site Hamiltonianh k,k+1 as in [26] 15) where here κ = 1 (3.8). The Hamiltonian (4.5) for this case is therefore again given by a sum of two-site Hamiltonians
This Hamiltonian is related to the transfer matrix (4.1) by
n+1 − I (3.15), we note that
where the matrix U is defined as U = e n+1,n+1 + e n+1,n+2 + e n+2,n+1 + e n+2,n+2 , (4.20)
It now follows from (4.12) and (4.19) that
The Hamiltonian (4.5) for this case is therefore again given (up to a term proportional to U N ) by a sum of two-site Hamiltonians
where the two-site Hamiltonian is again given by (4.15), and κ is now given by (3.17) . This Hamiltonian is related to the transfer matrix (4.1) by 
For n = 1, it happens that tr K + (0) = 0. Hence, the Hamiltonian is related to the second derivative of the transfer matrix For n > 1, we find 
Quantum group symmetries
We now show that the Hamiltonians constructed in the previous section have quantum group symmetry, and we discuss the consequences of this symmetry for the degeneracies and multiplicities of the spectrum. We consider each case separately.
A
2n−1 -case I: U q (C n ) symmetry A general argument was given in [17] that the Hamiltonian (4.9) for the case A
2n−1 − I (3.6) has U q (C n ) symmetry. Here we give a more explicit proof, by constructing the coproduct of the generators and showing that they commute with the Hamiltonian.
The vector representation of C n = Sp(2n) has dimension 2n. In the orthogonal basis, the Cartan generators are given by
while the generators corresponding to the simple roots are given by
and
t , where e ij are the elementary (2n)×(2n) matrices. These generators satisfy the commutation relations
where {α (1) , . . . , α (n) } are the simple roots of C n in the orthogonal basis 5) and e j are the elementary n-dimensional basis vectors (e j ) i = δ i,j (i.e., e 1 = (1, 0, 0, . . . , 0) , e 2 = (0, 1, 0, . . . , 0), etc.).
We define the coproduct for these generators by
with ∆(I) = I ⊗ I. We note that
where q = e 2η and
By construction, the coproducts (5.6) commute with the two-site Hamiltonian (4.6),
Since the N -site Hamiltonian (4.9) is given by the sum of two-site Hamiltonians, it follows that the N -site Hamiltonian commutes with the N -fold coproducts
This provides an explicit demonstration of the U q (C n ) invariance of the Hamiltonian H (A
2n−1 −I) . The transfer matrix t(u) (4.1) also has this symmetry [33] , so in particular it commutes with the Cartan generators
(5.17)
Degeneracies and multiplicities for
The symmetry (5.16) implies that the eigenstates of the Hamiltonian form irreducible representations of U q (C n ). For generic values of η, the representations are the same as for the and therefore
where J is any one of the generators
we see that
It follows from (5.10) and (5.15) that the commutators in (5.12) separately vanish; and similarly for higher N .
classical algebra C n . The N -site Hilbert space can therefore be decomposed into a direct sum of irreducible representations of C n
where V (j) denotes an irreducible representation of C n with dimension j (= degeneracy of the corresponding energy eigenvalue) and d (j,N,n) is its multiplicity.
We present the first few cases below, denoting the irreducible representations of C n both by their dimensions (in boldface) and by their Dynkin labels [a 1 , . . . , a n ] (see e.g. [34] ):
We have verified numerically that the Hamiltonian as well as the transfer matrix for the case A
2n−1 − I (3.6) have exactly these degeneracies and multiplicities for generic values of η, which provides further evidence of their U q (C n ) invariance.
A
As noted in the Introduction, we expect that the Hamiltonian (4.16) for the case A (2) 2n−1 − II (3.7) with n > 1 has U q (D n ) symmetry. We now proceed to explicitly demonstrate this symmetry.
The vector representation of D n = O(2n) has dimension 2n. In the orthogonal basis, the Cartan generators are given by
and the generators corresponding to the simple roots are given by (1) , . . . , α (n) } are now the simple roots of D n in the orthogonal basis, which are given by
c.f. (5.5). It useful to introduce an additional pair of generators
which are related to E ± n as follows
(5.26) where the final line has a 2(n − 2)-fold multiple commutator.
We define the coproduct for the Cartan generators and the first n − 1 raising/lowering operators as before (5.6)
with ∆(I) = I ⊗ I. Defining the coproduct for the additional generators
allows us to write the coproduct for E ± n using (5.26) and (5.27) as
These coproducts satisfy (5.7); and, for i, j < n, also (5.8).
By construction, the coproducts (5.27)-(5.29) commute with the "new" two-site Hamiltonian (4.15)
Since the N -site Hamiltonian (4.16) is given by a sum of such two-site Hamiltonians, the N -site Hamiltonian commutes with the N -fold coproducts
2n−1 −II) . The Cartan generators commute with the transfer matrix t(u) (4.1)
We conjecture that the transfer matrix for the case A
Degeneracies and multiplicities for
The symmetry (5.31) implies that the eigenstates of the Hamiltonian form irreducible representations of U q (D n ). For generic values of η, the representations are the same as for the classical algebra D n . The N -site Hilbert space can therefore be decomposed into a direct sum of irreducible representations of D n , similarly to (5.18).
The first few cases are as follows:
Surprisingly, the Hamiltonian and the transfer matrix for the case A
2n−1 − II (3.7) do not have precisely these degeneracies and multiplicities for generic values of η. Indeed, we observe that their degeneracies are higher: 
D (2)
n+1 -case I: U q (B n ) symmetry
As discussed in the Introduction, we expect that the Hamiltonian (4.23) for the case D
n+1 −I (3.15) has U q (B n ) symmetry. We now proceed to explicitly demonstrate this symmetry.
The first step to demonstrating this symmetry is to construct the generators of B n . Although the vector representation of B n has dimension 2n + 1, here we need generators that act on a vector space whose dimension is one greater, i.e. d = 2n + 2. An appropriate embedding can be found by studying the symmetries of the transfer matrix with one site (N = 1). Hence, we choose the Cartan generators H j H j = e j,j − e 2n+3−j,2n+3−j , j = 1, . . . , n , (5.37) and the generators E ± j corresponding to simple roots
(e n,n+1 − e n,n+2 + e n+2,n+3 − e n+1,n+3 ) , j = n , (5.38)
, where e i,j are the (2n+2)×(2n+2) elementary matrices. These generators satisfy the commutation relations (5.3) and (5.4), where {α (j) } are the simple roots of B n in the orthogonal basis
c.f. (5.5), (5.24). We also introduce the generators E ± 0 defined by 40) which are related to E ± n by (n − 1)-fold multiple commutators as follows
We propose the following expressions for the coproduct:
with ∆(I) = I ⊗ I. Moreover, using the result (5.41) together with
The above coproduct satisfies
By construction, these coproducts commute with the two-site Hamiltonian (4.15)
All the generators also commute with the matrix U (4.20)
It follows that the N -site Hamiltonian (4.23) commutes with the N -fold coproducts 
n+1 −I) . It is not difficult to show that the Cartan generators also commute with the transfer matrix
We conjecture that the transfer matrix for the case D
n+1 −I (3.15) is in fact U q (B n ) invariant.
Degeneracies and multiplicities for
The U q (B n ) invariance (5.49) of the Hamiltonian implies that, for generic values of η, the N -site Hilbert space has a decomposition of the following form
where V (j) denotes an irreducible representation of B n with dimension j (= degeneracy of the corresponding energy eigenvalue) and d (j,N,n) is its multiplicity.
We present the first few cases below, again denoting the irreducible representations both by their dimensions (in boldface) and by their Dynkin labels [a 1 , . . . , a n ]:
As in the case A
2n−1 − II discussed in Section 5.2.1, the Hamiltonian and the transfer matrix for the case D (2) n+1 −I (3.15) do not have precisely these degeneracies and multiplicities for generic values of η. Indeed, we observe that their degeneracies are higher:
Comparing the n = 2 results (5.53) and (5.56), we see that the observed degeneracies are almost the same as those predicted from U q (B 2 ) symmetry; the one exception occurs for N = 3, where two of the four 10's are degenerate, yielding a 20-fold degeneracy. Moreover, comparing the n = 3 results (5.54) and (5.57), we see that the observed degeneracies are exactly the same as those predicted from U q (B 3 ) symmetry.
However, comparing the n = 1 results (5.52) and (5.55), we see that the observed degeneracies for many of the levels are higher than expected from U q (B 1 ) symmetry: for N = 2, two of the three 3's are degenerate; and for N = 3, two pairs of 5's are degenerate, etc. It would be interesting to find a symmetry (such as the Z 2 symmetry proposed for the case A (2) 2n−1 − II) that can account for these higher degeneracies.
D (2)
n+1 -case II: U q (B n ) symmetry
As discussed in the Introduction, we expect that the Hamiltonian (4.27) for the case D (2) n+1 −II (3.16) also has U q (B n ) symmetry. In fact, the argument is exactly the same as for the case D 2n−1 − II. We also propose for both cases a formula for the Dynkin label [a 1 , . . . , a n ] of a Bethe state in terms of the cardinalities (m 1 , . . . , m n ) of the corresponding Bethe roots, which determines the degeneracy of the corresponding eigenvalue. Finally, we check the completeness of the Bethe ansatz solutions numerically for small values of n and N .
Transfer matrix eigenvalues
For real values of η, the transfer matrix for both cases A 
where the Bethe states |Λ (m 1 ,...,mn) are independent of the spectral parameter. We assume that the Bethe states are highest-weight states of U q (C n ) (case I) or U q (D n ) (case II)
The Bethe states depend on n sets of Bethe roots {u
mn }, with cardinalities m 1 , . . . , m n , respectively,
The eigenvalues of the transfer matrix are given by
The corresponding quantities with tildes are obtained from crossing
The results for cases I and II differ only by the function ψ(u) (6.8). For ψ(u) = 1, the above expression reduces to the result in [20] .
The eigenvalues of both Hamiltonians
2n−1 −I) (4.9) and H (A
2n−1 −II) (4.16) are given by 
Bethe equations
The conditions for the cancellation of the poles of Λ (m 1 ,··· ,mn) (u) (6.4) at u = u (l) k + 2lη , l = 1, . . . , n, which are the so-called Bethe equations, are given for n > 2 by
where we use here the compact notation For n = 1, the Bethe equations are given by
j ) , k = 1, . . . , m 1 ; (6.14)
while for n = 2, the Bethe equations are given by 
Using the relation of the C n and D n Dynkin labels [a 1 , . . . , a n ] to the eigenvalues of the Cartan generators [26]
we obtain a formula for the Dynkin labels in terms of the cardinalities (m 1 , . . . , m n ) of the Bethe roots
The above formulas are for n > 2; for smaller values of n, we obtain for U q (C 1 ) :
Numerical check of completeness
We present solutions ({u
2n−1 Bethe equations (6.11)-(6.15) for small values of n and N and a generic value of η (namely, η = −i/10) in Tables 1-6 for case I (3.6), and in Tables 7-12 for case II (3.7).
5 Each table also displays the cardinalities (m 1 , . . . , m n ) of the Bethe roots and the degeneracy ("deg") of the corresponding eigenvalue of the Hamiltonians H (A (2) 2n−1 −I) and H (A (2) 2n−1 −II) (or, equivalently, of the transfer matrix t(u) at some generic value of u) obtained by direct diagonalization. For cases with quantum group symmetry, the tables also display the corresponding Dynkin label [a 1 , . . . , a n ] obtained using the formula (6.18), and the multiplicity ("mult") i.e., the number of solutions of the Bethe equations with the given cardinality of Bethe roots.
For case I (Tables 1-6 ), the degeneracies exactly coincide with the dimensions of the representations corresponding to the Dynkin labels. 6 Moreover, the degeneracies and multiplicities predicted by the U q (C n ) symmetry (5.19)-(5.21) are completely accounted for by the Bethe ansatz solutions.
Case II is less straightforward. Since the U q (D n ) symmetry first appears for n = 2, we present for n = 1 (Tables 7-8) only the Bethe roots and the degeneracies of the corresponding eigenvalues, which accounts for all 2 N eigenvalues. For n = 2 and n = 3 (Tables 9-12 ), certain degeneracies are higher than expected from the U q (D n ) symmetry, and are indicated with a star ( * ). We expect that these higher degeneracies are due to an additional Z 2 symmetry relating representations to their conjugates, see Section 5.2.1. 2n−1 −II) , as well as the eigenvalues of the transfer matrix t(u) (4.1) for the two cases (3.6)-(3.7) at some generic value of u, are not displayed in the tables in order to minimize their size. Nevertheless, we have computed these eigenvalues both directly and from the displayed solutions of the Bethe equations using (6.10) and (6.4)-(6.9), respectively; and we find perfect agreement between the results from these two approaches.
The eigenvalues of the Hamiltonians H
7 Bethe ansatz for D (2) n+1 -case I Among the infinite families of anisotropic R-matrices associated with affine Lie algebras that were found in [11, 12, 13, 14] , the case D (2) n+1 (A.10) is by far the most complicated. Moreover, the corresponding K-matrices (3.14) are also complicated, since they are not diagonal. Therefore, it is not surprising that little is known about the eigenvalues of the corresponding transfer matrices. (The eigenvalues of the Hamiltonian for case I with n = 1 were determined in [29] .) 5 The Bethe equations are invariant under the reflections u In this section, we propose an expression for the eigenvalues of the transfer matrix for D (2) n+1 -case I (3.15). We also propose a formula for the Dynkin labels of a Bethe state in terms of the cardinalities of the corresponding Bethe roots. Moreover, we check the completeness of our Bethe ansatz solution numerically for small values of n and N . (Unfortunately, we have not succeeded to find similarly satisfactory results for case II.)
Transfer matrix eigenvalues
For real values of η, the transfer matrix (4.1) for D (2) n+1 -case I is Hermitian. The commutativity property (4.3) and the fact that the transfer matrix also commutes with all of the Cartan generators (5.50) imply that the transfer matrix and Cartan generators can be simultaneously diagonalized
where the Bethe states |Λ (m 1 ,...,mn) are independent of the spectral parameter. We assume that the Bethe states are highest-weight states of U q (B n )
We now determine the eigenvalues Λ (m 1 ,...,mn) (u) of the transfer matrix using an analytical Bethe ansatz approach [18, 19, 20, 36, 37, 35, 38] . Recalling the result for the periodic chain [35] , the crossing symmetry (4.4), and assuming the "doubling hypothesis" [19, 20] , we arrive at the following expression for the transfer matrix eigenvalues
Moreover,
For n = 1, only the final equation in (7.6) applies, with b 0 (u) ≡ a(u). The corresponding quantities with tildes are obtained from crossing
Determining a(u)
There remains to determine the function a(u). For small values of n, this function can be easily found by directly computing the eigenvalues of the transfer matrix corresponding to the reference state
for N = 0, 1, . . ., and comparing these results with the expression from (7.3)
In this way, we obtain
for n = 1
For general values of n, the function a(u) can be determined with the help of the functional equation obeyed by the inhomogeneous transfer matrix [38] . We therefore introduce inhomogeneities {θ j }, so that the corresponding transfer matrix is given by
Using the fusion procedure [39, 40] , as generalized to the case with boundaries in [41] , we obtain the fusion formula 12) wheret(u; {θ j }) is a fused transfer matrix. Moreover, the scalar functions f i (u) are given by products of quantum determinants 13) and
Using the fact that the fused transfer matrix vanishes at u = θ i − ρ t(u; {θ j })
we obtain a functional relation for the fundamental transfer matrix
which implies a corresponding result for the eigenvalues
where we have again used the crossing symmetry (4.4). The expression for the eigenvalues of the transfer matrix in the presence of inhomogeneities Λ (m 1 ,...,mn) (u; {θ j }) is the same as (7.3), except with the following replacements
Notice that the latter two expressions vanish for u = ±θ i . The functional relation (7.17) therefore reduces to a functional relation for the unknown function a(u)
A solution of the functional relation (7.19), which agrees with the results for n = 1 and n = 2 (7.9), is given by
In summary, the eigenvalues of the transfer matrix for D (2) n+1 -case I are given by (7.3)-(7.7) and (7.20) . The eigenvalues of the Hamiltonian H (D (2) n+1 −I) (4.23) are therefore given by
as follows from (4.24)-(4.25), (7.3)-(7.7) and (7.20).
Bethe equations
The corresponding Bethe equations can be obtained by demanding the cancellation of the poles in Λ (m 1 ,...,mn) (u) (7. 3) at u = u (l) k + lη , l = 1, . . . , n. In terms of the notation
the Bethe equations for n > 1 are given by
For n = 1, the Bethe equations are given by
Note that the Bethe equations are exactly "doubled" with respect to those for the periodic chain [35] . Indeed, the functions b l (u) in (7.3) were "reverse engineered" in (7.6) to obtain this result.
Dynkin labels of the Bethe states
The eigenvalues of the Cartan generators are given by
Using the relation of the B n Dynkin label [a 1 , . . . , a n ] to the eigenvalues of the Cartan generators [26]
we obtain a formula for the Dynkin label in terms of the cardinalities (m 1 , . . . , m n ) of the Bethe roots
The above formula is for n > 1; for n = 1, we obtain a 1 = 2(N − m 1 ).
Numerical check of completeness
n+1 -case I (7.23)-(7.24) for small values of n and N and a generic value of η (namely, η = −i/10) in Tables 13-16. 9 Each table also displays the cardinalities (m 1 , . . . , m n ) of the Bethe roots, the corresponding Dynkin label [a 1 , . . . , a n ] obtained using the formula (7.27), the degeneracy ("deg") of the corresponding eigenvalue of the Hamiltonian H (D (2) n+1 −I) (or, equivalently, of the transfer matrix t(u) at some generic value of u) obtained by direct diagonalization, and the multiplicity ("mult") i.e., the number of solutions of the Bethe equations with the given cardinality of Bethe roots.
For n = 2 (Tables 15-16 ), the degeneracies almost exactly coincide with the dimensions of the representations corresponding to the Dynkin labels. The one exception is indicated with a star (*). The degeneracies and multiplicities agree almost exactly with those predicted by the U q (B 2 ) symmetry (5.56).
However, for n = 1 (Tables 13-14) , many degeneracies are higher than expected from the U q (B 1 ) symmetry (5.55); these degeneracies are again indicated with a star. As already remarked in Section 5.3.1, it would be interesting to find a symmetry that can account for these higher degeneracies.
The eigenvalues of the Hamiltonian H (D (2)
n+1 −I) and of the transfer matrix at some generic value of u computed using (7.21) and (7.3)-(7.7) with the Bethe roots in the tables agree with the eigenvalues obtained by direct diagonalization. 9 The Bethe equations are invariant under the reflections u
k , as well as under the shifts u
k + πi (except for l = n , m n > 1, in which case the shift symmetry is only u
The Bethe roots can therefore be restricted to the domain m(u
, and e(u 
Conclusions
We have identified three infinite families of integrable open spin chains with quantum group symmetry, corresponding to the following three K − -matrices:
-case I (3.15), and D
n+1 -case II (3.16). We have shown that the Hamiltonian for A (2) 2n−1
-case II has the symmetry U q (D n ), while both D
n+1 Hamiltonians have the symmetry U q (B n ). We have proposed Bethe ansatz solutions for A (2) 2n−1 -case II and D (2) n+1 -case I, whose completeness we have checked numerically for small values of n and N .
We have also found formulas for the Dynkin labels in terms of the cardinalities of the Bethe roots for the latter models, as well as for A (2) 2n−1 -case I (3.6) that has U q (C n ) symmetry. For most eigenvalues of the Hamiltonian (or transfer matrix) for these models, the degeneracies coincide with the dimensions of the representations corresponding to the Dynkin labels. However, we find exceptions, where the degeneracies are higher than expected from the quantum group symmetry. (These higher degeneracies are designated by a star (*) in Tables 1-16 .) It would be interesting to find additional symmetries that can account for these higher degeneracies.
We did not manage to find a satisfactory Bethe ansatz solution for D (2) n+1 -case II. We expect that for this case the eigenvalues of the transfer matrix are again given by (7.3)-(7.5), but with a different choice for the functions a(u) and b l (u). The main remaining difficulty is to determine b l (u), since the "doubling hypothesis" that we used to determine these functions for case I no longer works. It is possible to formulate functional relations for b l (u), whose solutions are not unique. (For some other examples, see (B.3) and (B.10).) For the solutions b l (u) that we found, we were not able to verify completeness even for small values of n and N . It would be interesting to find a set of functions b l (u) for case II that does give completeness, as in case I.
An alternative approach for solving D (2) n+1 -case II (as well as other choices of K-matrices) would be algebraic Bethe ansatz, which would provide not only the eigenvalues but also the eigenvectors of the transfer matrix. In principle, this approach is possible, since the conventional reference state is an eigenstate, despite the fact that the K-matrices are not diagonal. Nevertheless, due to the complexity of both the R-matrix and K-matrices, executing the algebraic Bethe ansatz for this model would be a nontrivial task.
Additional open problems that were noted for A (2) 2n in [26] also apply here, among which are: proving that the transfer matrix t(u) for A (2) 2n−1 -case II and for D (2) n+1 -cases I and II also has quantum group symmetry; showing that the Bethe states have the highest weight property (6.2), (7.2); and investigating the case that q is a root of unity (non-generic values of η).
We have completed the program (initiated in [26]) of identifying K − -matrices = I associated with the infinite families of twisted affine Lie algebras that can be used to construct integrable open spin chains with maximal quantum group symmetry. It remains to perform a similar search for K − -matrices = I associated with the infinite families of untwisted affine Lie algebras, in particular B (1) n , C (1) n and D (1) n , which (as expected from the extended Dynkin diagrams, as discussed in the Introduction) should give integrable open spin chains with U q (D n ), U q (C n ) and U q (D n ) symmetry, respectively. Of course, this search could be extended even further to K − -matrices associated with the exceptional affine Lie algebras, the affine Lie superalgebras, etc.
In closing, we would like to reiterate that the simplest anisotropic quantum spin chains are arguably those that are integrable and have quantum group symmetry. The main purpose of [26] and the present paper was to enlarge the set of such models and their solutions. Since simple mathematical models often have nice physical applications, we expect that these models and their solutions will find applications to interesting physical problems. (For recent discussions of applications of periodic A (2) n spin chains, see [42] and references therein.)
A R-matrices: explicit formulas
We present here the explicit R-matrices used in the main text for the convenience of the reader.
We use here the same A (2) 2n−1 R-matrix that was used in [20, 22] , which is different from the A (2) 2n−1 R-matrix in [11, 12, 13] . It can be obtained from the C (1) n R-matrix in [13] by replacing ξ = k 2n+2 by ξ = −k 2n ; i.e. by changing ξ → −ξk −2 . It is the same as the A
2n−1 R-matrix in the appendix of [14] up to some redefinitions of the anisotropy and spectral parameters, and an overall factor. This R-matrix is given by R(u) =c(u) 
and a αβ (u) = 2 sinh
3) where 6) and e αβ are the (2n) × (2n) elementary matrices, with
We use the D
n+1 R-matrix given by Jimbo [13] , except we use the variables u and η instead of x and k, respectively, which are related as follows:
We also multiply the Jimbo R-matrix by an overall factor e −2u e −2(n+1)η in order to have nice crossing and unitarity properties. (See also [11, 12] .) Hence, this R-matrix is given by · (e αβ ⊗ e βα + e β α ⊗ e α β ) + (e u − 1) − α<n+1,β=n+1,n+2
· (e αβ ⊗ e β α + e β α ⊗ e α β ) + α,β =n+1,n+2 10) where for α, β = n + 1, n + 2
The elementary matrices e αβ have dimension (2n + 2) × (2n + 2) with
n+1 chains with other boundary conditions
We briefly consider here the analytical Bethe ansatz for integrable open spin chains constructed using the D
n+1 R-matrix and K-matrices other than (3.14)-(3.16), which do not have quantum group symmetry. We first consider the diagonal K-matrix (3.9)-(3.10), which does not have any free parameters, in Sec. B.1. We then consider in Sec. B.2 the blockdiagonal K-matrix (3.11)-(3.12) that has a free parameter ξ − , which reduces to case I (3.15) when ξ − = 0. For each case with n = 1, we propose an expression for the eigenvalues of the transfer matrix and the corresponding Bethe equations.
B.1 Diagonal K-matrix
We consider here the D (2) n+1 transfer matrix (4.1) constructed with the diagonal K − -matrix (3.9)-(3.10), and with the K + -matrix given by the automorphism (3.3). We assume that all of the corresponding eigenvalues are again given by (7. 3)
where A(u) and B l (u) are again given by (7.4)-(7.5), but the functions a(u) and b l (u) are still to be determined. Arguments similar to those in Sec. 7.2 can be used to show that a(u) is now given by
cf. (7.20) .
Let us now restrict to the simplest case n = 1. By explicitly computing the eigenvalue of the transfer matrix corresponding to the reference state for some small value of N , and then comparing with Λ (0) (u) (B.1), we learn that b 1 (u) must satisfy the functional relation
whereb 1 (u) = b 1 (−u + 2η). The "minimal" solution is
The corresponding Bethe equations are given by
which have an extra factor on the LHS compared with (7.24). The completeness of this analytical Bethe ansatz result for N = 2, 3 is verified for a generic value of the bulk parameter (namely, η = −i/10) in Tables 17, 18 , respectively, which give the solutions of the Bethe equations (B.5) corresponding to each of the distinct transfer-matrix eigenvalues, as well as the corresponding degeneracies. We observe that the number of Bethe roots m 1 lies in the interval [0, N ]. Evidently, the degeneracies are smaller than for the quantum-group-invariant case, cf. Tables 13, 14 .
B.2 Parameter-dependent block-diagonal K-matrix
We now consider the block-diagonal solution (3.11)-(3.12) of the D
n+1 BYBE (3.1). When ξ − = 0, this K-matrix reduces to case I (3.14), (3.15) . Moreover, we take K + (u) to be given by the isomorphism (3.3), but with an independent boundary parameter ξ + , i.e.
It is convenient to reexpress ξ ∓ in terms of new parameters µ ∓ as follows
which implies that the quantum-group invariant case is obtained in the limit µ ∓ → −∞.
We again assume that all of the eigenvalues of the transfer matrix (4.1) constructed with these K-matrices are given by
where A(u) and B l (u) are again given by (7.4)-(7.5), but the functions a(u) and b l (u) are still to be determined. Proceeding as in Sec. 7.2, we find that a(u) is now given by
which has an extra factor compared with (7.20).
We now again restrict to the simplest case n = 1. By explicitly computing the eigenvalue of the transfer matrix corresponding to the reference state, we find that b 1 (u) must satisfy the functional relation
whereb 1 (u) = b 1 (−u + 2η). We proceed to solve for b 1 (u) by setting
where G(u) is still to be determined. Using the fact thatã(u) = a(−u + 2η) satisfies
it follows from (B.10) that G(u) must satisfy the functional relation
whereG(u) = G(−u + 2η). Assuming that G(u) has 2iπ periodicity and the form
k e ku , j = 1, 2, (B.14)
we find the minimal solution
In short, we take b 1 (u) to be given by (B.11) and (B.15).
The Bethe equations, which we obtain from the expression for Λ (m 1 ) (u) (B.8) by demanding the cancellation of the residues from the poles in A(u) and B 1 (u) at u = u 16) where the notation is defined in (7.22) . Assuming that the prefactor a(u (1) k + η) is nonzero, the above Bethe equations reduce to a more conventional form
The completeness of this analytical Bethe ansatz result for N = 1, 2 is verified for generic values of the bulk and boundary parameters (namely, η = −i/10, µ − = 1/5, µ + = 1/7), in Tables 19, 20 
B.3 Special manifold
We remark that on the "special manifold" µ − = µ + ≡ µ, i.e. ξ + = e 2η ξ − , we have that G(u) = 1 and
a(u); hence, the expression for Λ (m 1 ) (u) is proportional to the one for the quantum-group invariant case µ ∓ → −∞. However, contrary to the claim in [29] , the Bethe equations do not reduce to those of the quantum-group invariant case (7.24). Indeed, the assumption used to pass from (B.16) to (B.17) (namely, the nonvanishing of a(u (1) k + η)) is no longer valid for this particular case. Hence, the Bethe equations on the "special manifold" are given by a(u
In other words, there are two Bethe equations on the "special manifold" (either of which must be satisfied): the Bethe equations for the quantum-group invariant case (7.24), and a(u 
This solution (which evidently depends on the value of the boundary parameter µ) must be included in order to obtain the complete spectrum. In hindsight, since the spectrum on the "special manifold" is not the same as for the quantum-group invariant case, it should come as no surprise that the Bethe equations for these two cases are not the same.
Completeness on the "special manifold" for N = 1, 2 is verified (for η = −i/10, µ − = µ + = 1/5), in Tables 21, 22 , respectively. Solutions that contain the special Bethe root (B.19) are denoted by a dagger ( † ). We observe that there are many such solutions. Moreover, solutions that do not contain this special root must also be solutions of (7.24); and, indeed, the solutions in Table 22 without a dagger also appear in the corresponding Table 13 for the quantum-group invariant chain. We are not aware of other examples of "hybrid" Bethe ansatz systems like (B.18), which achieve completeness in such a curious fashion. 
1 -case I with U q (C 1 ) symmetry, N = 2 
1 -case I with U q (C 1 ) symmetry, N = 3 
3 -case I with U q (C 2 ) symmetry, N = 3 
5 -case I with U q (C 3 ) symmetry, N = 2 [32] R. Malara and A. Lima-Santos, "On A 
